In arXiv:1510.02685 we proposed the linear relations between the Weyl anomaly c 1 , c 2 , c 3 coefficients and the 4 coefficients in the chiral anomaly polynomial for (1,0) superconformal 6d theories. These relations were determined up to one free parameter ξ and its value was then conjectured using some additional assumptions. A different value for ξ was recently suggested in arXiv:1702.03518 using an alternative method. Here we confirm that this latter value is indeed the correct one by providing an additional data point: the Weyl anomaly coefficient c 3 for the higher derivative (1,0) superconformal 6d vector multiplet. This multiplet contains the 4-derivative conformal gauge vector, 3-derivative fermion and 2-derivative scalar. We find the corresponding value of c 3 which is proportional to the coefficient C T in the 2-point function of stress tensor using its relation to the first derivative of the Renyi entropy or the second derivative of the free energy on the product of thermal circle and 5d hyperbolic space. We present some general results of the computation of the Rényi entropy and C T from the partition function on S 1 × H d−1 for higher derivative conformal scalars, spinors and vectors in even dimensions. We also give an independent derivation of the conformal anomaly coefficients of the 6d higher derivative vector multiplet from the Seeley-DeWitt coefficients on an Einstein background.
Introduction
The conformal anomaly of a classically Weyl invariant theory in 6d depends on 4 independent coefficients a, c 1 , c 2 , c 3 [1] [2] [3] [4] (4π) 3 T µ µ = −a E 6 + c 1 I 1 + c 2 I 2 + c 3 I 3 , (1.1)
where E 6 is the 6d Euler density and the three Weyl invariants are I 1 = C αµνβ C µρσν C ραβσ , I 2 = C αβµν C µνρσ C ρσαβ , I 3 = C µναβ ∇ 2 C µναβ + .... As (1.1) appears in the log UV divergent part of the effective action, c 3 can be determined from the 2-point function of stress tensor TT , c 2 and c 3 -from the 3-point function 1 and the a-coefficient -from the 4-point function.
In the presence of (1, 0) supersymmetry one expects that the Weyl invariants I i are bosonic parts of only two possible 6d superinvariants, i.e. the coefficients c i should satisfy one linear relation. As discussed in [8] , free-theory calculations [3] , strong-coupling (holography) arguments [9] , and studies in other contexts [10] [11] [12] indicate that this relation is 2 c 3 = − 1 6 (c 1 − 2c 2 ) .
(1.
2)
The 6d chiral (SU(2) R-symmetry and gravitational) anomalies are encoded in the 8-form polynomial parametrized by 4 numerical coefficients (α, β, γ, δ). 3 The 6d chiral and Weyl anomalies belong to a supersymmetry multiplet [17] [18] [19] and as in the 4d case [20] [21] [22] [23] one expects to find linear relations between their coefficients, i.e. between (a, c 1 , c 2 , c 3 ) and (α, β, γ, δ). Ref. [24] derived such relation for the a-coefficient using supersymmetry and the results from the background supergravity couplings 4 a = − The 4 coefficients in (1.3) could have been be fixed also from the a-anomalies for the 4 multiplets: free tensor, free hyper, the (2,0) multiplet at large N and the higher derivative vector multiplet (the a-anomaly of which was found in [13, 8] after [24] already appeared).
Assuming that similar linear relations exist also for c 1 , c 2 , c 3 , in [8] we attempted to fix their form using the available data about c-anomalies of particular (1,0) superconformal theories. The linear relations for c 1 and c 2 in terms of (α, β, γ, δ) contain, in general, 8 coefficients (c 3 is given by (1.2)). We first used the values of anomaly coefficients for free scalar S (1, 0) and tensor T (1,0) multiplets built out of the standard 2-derivative real scalar ϕ, Majorana-Weyl (MW) spinor ψ and (anti) selfdual rank 2 tensor T with known Weyl anomalies [3] . This gave 4 coefficients out of 8. One more coefficient was fixed by considering the 4-derivative vector multiplet V (1,0) (see (1.8) below) on a Ricci-flat background when its Weyl anomalies can be readily computed. Two more coefficients were found from the known anomalies of interacting (2,0) A N theory (see [25, 26] and refs. there). As a result, we were able to find the form of 1 TTT in 6d depends on three parameters, but one of them is related to the 2-point function or c 3 by a conformal Ward identity [5] [6] [7] . 2 In the case of (2, 0) supersymmetry, the three invariants I i are parts of a single superinvariant (6d conformal supergravity action [13] [14] [15] ) and thus c i obey the additional constraint c 1 − 4c 2 = 0. Then there is only one independent c-coefficient: c 1 = 4c 2 = −12c 3 . This relation holds for the free (2, 0) tensor multiplet [3] as well as for the large N strong coupling limit of the interacting (2, 0) theory described by supergravity in AdS 7 [16] . 3 Explicitly, I 8 = (tr R 2 ) 2 . 4 In our normalization the a-anomaly of (2,0) tensor multiplet is a(T (2,0) ) = − the relations for c i in terms of (α, β, γ, δ) up to one undetermined parameter ξ, i.e. This particular choice was motivated [8] by certain special features in the rank dependence of the c-anomaly of particular interacting (1, 0) superconformal theories and also by potential relation between 6d and 4d anomalies for certain (1, 0) theories compactified on 2-torus [27] . Recently, the same expressions for c i (1.5),(1.2) but with a different value of ξ ξ YZ = − were found in [28] in a different approach using the assumption that the supersymmetric Rényi entropy for (1,0) superconformal 6d theory should be is a cubic polynomial in inverse of its argument. In this paper we will settle the question about the right value of ξ in our original approach of [8] by using an additional information about the anomalies of the free (1, 0) vector supermultiplet. We will confirm that the value (1.7) suggested in [28] is indeed the correct one.
This multiplet is the higher-derivative (non-unitary) superconformal 6d (1, 0) vector multiplet V (1, 0) that contains the 4-derivative gauge vector V (4) µ (with action ∼ F µν ∂ 2 F µν ), the 3-derivative MW spinors ψ (3) and the 2-derivative scalars ϕ [29, 13, 8] 
The anomaly polynomial for this multiplet has coefficients 5 (α, β, γ, δ) = (−1, − The direct computation of Weyl anomalies c i for V (1,0) on a general curved background is challenging as it requires the knowledge of 6d Seeley-DeWitt coefficients for the corresponding higher derivative vector and spinor operators. In the two special cases -of a sphere and a Ricci flat space -that were discussed in [13, 8] the higher derivative operators factorize and the anomalies can be readily computed using the expressions for the Seeley-DeWitt coefficients of 2nd order Laplacians. This fixes 3 out of 4 coefficients in (1.1) and thus does not allow to determine ξ. In fact, the higher derivative scalar, vector 5 The corresponding a-anomaly is a(V (1,0) ) = − 251 210 [13, 8] , in agreement with (1.3).
and (squared) spinor operators discussed below factorize also on a general Einstein space R µν = 1 d g µν R (on which the curvature invariants in (1.1) remain independent) and thus their 6d anomalies may be computed using the 6d Seeley coefficient of 2nd order Laplacians as was done in [3] for the standard scalar, spinor and 2-form fields. 6 We will use this observation below in Section 6.
To fix the value of ξ it is sufficient, according to (1.10) , to compute just c 3 which itself is determined by the coefficient C T appearing in the 2-point function of stress tensor in flat background. In fact, as C T for the scalar and the 4-derivative vector is already known [30, 31] , it remains only to compute it for the 3-derivative spinor field. 7 In more detail, the 6d Weyl anomaly coefficient c 3 in (1.1) is given by 8
where C T,d is the coefficient in the 2-point function of stress tensor in a d-dimensional CFT
The coefficient C T,d is known for several unitary and non-unitary conformal theories [5, 32-35, 31, 30] . In particular, for the standard real conformal scalar and spin 1/2 fermion one has
where n f is the (complex) dimension of the spinor space (n f = 2 d 2 −1 for Majorana and 2 d 2 −2 for MW case). For example, for a 4d Majorana fermion C T,4 (ψ) = 4, while for a 6d MW fermion C T,6 (ψ) = 6. 9 Using the scalar value in (1.13) and the known value of C T for the 4-derivative gauge vector V (4) [30, 31] C T,6 (V (4) ) = −90 , (1.14)
we find that C T for the 4-derivative vector multiplet (1.8) is given by
Comparing this to (1.10), (1.11) we conclude that the two suggested values of ξ in (1.6) and (1.7) correspond to
(1.17) 6 We thank D. Diaz for this remark. 7 We thank Ying-Hsuan Lin and Chi-Ming Chang for this suggestion. 8 In 4 dimensions the coefficient c of the Weyl-squared term in the trace anomaly is given by c = 1 160 C T,4 . 9 Let us add also that for an (anti) self-dual 6d tensor one finds C T,6 (T + ) = 54. The corresponding values of c 3 in (1.11) are c 3 (ϕ) = As we shall find below, it is the second value (1.17) that is the correct result for the C T of the 3-derivative 6d MW fermion.
To find C T for a free conformal field one may follow the standard route of first determining the explicit form of the stress tensor T µν as a conformal primary or obtaining it from the metric variation of a Weyl-invariant action in curved background and then using (1.12). 10 An alternative approach that we shall follow below is to exploit the relation between C T and the Rényi entropy [36] . As we shall demonstrate, this second approach turns out to be more efficient in the case of the higher-derivative conformal fields.
Given a CFT in flat even-dimensional space one has the following relation between the first derivative of the Rényi entropy S q (which is a function of q defined in the next section) at q = 1 and the coefficient C T,d in (1.12) [36] 
(1.18)
Here V S d is the volume of the sphere as in (1.12) and V H d−1 is the finite coefficient in the regularized volume of the odd-dimensional unit-radius hyperbolic space
In particular, We shall start in section 2 with defining the Rényi entropy in terms of the free energy F q on S 1 q × H d−1 , i.e. the product of a thermal circle (with length β = 2πq) and hyperbolic space, thus relating C T to the second derivative of the free energy at q = 1. We will then describe our method of computing this free energy using heat kernel representation.
To illustrate this method of computing free energy and C T in section 3 we will consider the examples of the 4-and 6-derivative conformal scalars in even number of dimensions. In section 4 we will discuss the case of the 4-derivative conformal gauge vector in 6d reproducing the value (1.14) of its C T obtained earlier by other methods. Section 5 will contain a similar computation of free energy and thus Rényi entropy and C T for the 3-derivative conformal fermion in d = 4 and d = 6. For higher derivative operators the computation of C T turns out to be subtle: surprisingly, a naive approach (discussed in Appendix A) leads to the value in (1.16) while the correct evaluation gives (1.17) .
In section 6 we will provide an independent derivation of the conformal anomalies of the vector multiplet (1.10) with ξ given by (1.7) by directly computing the Seeley-DeWitt coefficients of the higher derivative operators involved using the fact of their factorization on a generic Einstein background.
In Appendix A we will supplement the discussion in section 5 by explaining a different method of computing the free energy on S 1 q × H d−1 . In Appendix B we will compute C T for the non-unitary 2-derivative conformal vector theory which has no gauge invariance in d = 4. Finally, in Appendix C, we shall present the result for the conformal anomalies for a family of vector multiplets generalizing (1.8) that shows again the agreement with the relations (1.2), (1.5) with ξ given by (1.7).
Free energy for conformal fields on S 1
q × H d−1 and Rényi entropy
The Rényi entropy S q is a measure of generalized quantum entanglement and can be computed from traces of the reduced density matrix raised to a power q ≥ 0. For a ddimensional CFT, the Rényi entropy across S d−2 may be equivalently extracted from the partition function on q-cover of the sphere S d or from the thermal partition function on [37] [38] [39] and refs. there). 11 Here H d−1 is real hyperbolic space (of curvature radius r = 1) and the length of the thermal circle x 0 = qτ or the inverse temperature is β = 2πq.
General relations
Here we shall use the latter definition of S q in terms of the partition function or free energy on S 1 q × H d−1 for even d. Given a free real conformal field Φ with the action
where O is a (possibly higher order) covariant differential operator including curvature terms needed to ensure the Weyl invariance of (2.1) in a general curved background, the corresponding free energy on
In the present case of a homogeneous space F q is proportional to its volume, i.e. to 2πq V H d−1 in (1.19). Extracting the IR divergent factor, we may define the IR finite "free energy" F q by
3) 11 The metrics of the two spaces are related by a singular conformal rescaling
Here τ ∈ (0, 2π) and sinh ρ = cot θ. This transformation maps the subspace S d−2 to the boundary of H d−1 . For q = 1 the space S 1 q × H d−1 becomes conformal to regular S d and thus also to R d as
For even d the free energy on S 1 q × H d−1 does not contain logarithmic UV divergences 12 while the non-universal power divergent part of F q (which is proportional to the volume and is thus linear in q) should be subtracted using some regularization prescription. The finite Rényi entropy is then given by
Note that under a linear in q and constant shift of the free energy we have
As all power UV divergent terms in F q are linear in q they drop out of S q which is thus UV finite. The q = 1 value of the Rényi entropy which is the entanglement entropy
is sensitive to the constant (q-independent) part of F q . S 1 is expected to be proportional to the a-anomaly coefficient of the d-dimensional CFT, e.g., 13
as that happens when F d is computed on the q-cover of the sphere S d [40-43, 37, 44] . 14 However, the transformation between the q-cover of the S d and S 1 q × H d−1 is a non-trivial Weyl rescaling (cf. footnote 11) and thus the two free energies may a priori differ by a Weyl-anomaly term. It was observed that for fields with gauge invariance S 1 computed on S 1 q × H d−1 is not automatically proportional to the Weyl anomaly a-coefficient (see [45, 46] for 4d vectors and [47] for 6d antisymmetric tensors), but one can achieve this by shifting F q by a constant (that may be interpreted as an edge mode contribution).
The C T coefficient which is proportional to the first derivative of the Rényi entropy (1.18) may be expressed in terms of the second derivative of the free energy F q and thus is not sensitive to the shifts in (2.5). Explicitly,
In particular (see (1.21),(1.11) and 8)
Thus to compute C T we need to find the free energy
12 Since S 1 q factor is flat and H d−1 is conformally flat, all logarithmic divergent terms containing the Weyl tensor vanish, while the Euler density in d dimensions vanishes when evaluated on 14 One expects that the log UV divergent part of free energy on q-cover of the S d should be matching the log IR part of free energy on S 1 q × H d−1 , and that was checked on specific examples, though a general proof of this statement appears to be missing in the literature.
Computational scheme
The covariant kinetic operator O specified to S 1 q × X d−1 where X d−1 is a symmetric space like S d−1 or H d−1 will be a polynomial in derivatives ∂ 0 along the "euclidean time" direction S 1 and the covariant derivatives
(with X d−1 curvature factors translating into the coefficients of lower-order terms in P). In the case of X d−1 = H d−1 the free energy F q in (2.2),(2.3) will have the following structure 15 It turns out that for conformal fields the kinetic operators O restricted to S 1
, have special factorized structure, i.e. are given by a product of simple two-derivative factors. 16 A particular reason for this can be understood by observing that the operators on S 1 × H d−1 and S 1 × S d−1 are formally related by an analytic continuation changing the sign of the curvature. The thermal partition function on S 1 × S d−1 is expressed in terms of characters of conformal group and this in turn is related to factorization of the (higher-derivative) kinetic operator discussed in detail in [48] . In the case of
where the sum over m is over the discrete spectrum of −D 2 + ... on S d−1 and µ(m) is the multiplicity factor of the eigenvalue with label m. The higher-derivative Weyl-covariant operators O = D 2p + ... turn out to factorize [48] into simple factors so that the corresponding eigenvalues on S 1 q × S d−1 are
where r is the radius of S d−1 . In this case, the standard free energy F q in (2.2) is expressed in terms of the single-particle partition function Z (x) that has a simple structure
Here m + k correspond to the single-particle energies or integer dimensions of conformal operators in R d built out of Φ and its derivatives. The factorization of the higher-derivative Weyl-covariant kinetic operator O on S 1 × H d−1 is thus intimately related to its factorization on S 1 × S d−1 which in turn is related to integrality of dimensions of the CFT operators in R d . 17 15 The antiperiodicity of fermions in "thermal" circle is related to the original definition of partition function on q-cover of S d . 16 This applies to bosonic operators and squared fermionic operators. 17 Similar factorization is found also for O defined on
One may also consider the analytic continuation between S d−1 and H d−1 at the level of the spectrum (see [49, 50] and Appendix C of [51] ). For example, for a 2nd order Laplacian acting on symmetric traceless rank s tensors on a homogeneous space one has the following spectrum on S d−1 with radius r
The eigenvalues ω λ of the same operator on H d−1 with curvature radius r are obtained by replacing
Here 0 ≤ λ < ∞ is the eigenvalue of the following operator on H d−1 (here and in what follows we set the radius of
The analytical continuation (2.15) then translates the factorization (2.12) into the one on
In addition, we need to replace the sum ∑ m µ(m) in (2.11) by dµ(λ) in (2.10) with a definite correspondence between the discrete multiplicity on S d−1 and the spectral measure on H d−1 . The latter is the Plancherel measure for the transverse traceless symmetric rank s field on H d−1 corresponding to the spectrum (2.16) [49] 
Having O factorized into a product of second-derivative factors, the polynomial P H in (2.10) may be written in the product form which is the counterpart of (2.12), 18) where α k are real constants (appearing in ± conjugate pairs so that P H is real). Then log P H in (2.10) becomes the sum of p terms. Using the proper-time representation separately for each log term in the sum we then get (in bosonic case)
19)
Here K S 1 is the trace of the heat kernel of −∂ 2 0 on S 1 while K H d−1 (t; α) may be interpreted as the heat kernel corresponding to the operator
16)). Using
the Poisson resummation 18 we may represent K S 1 (t) as
Similarly, in the fermion (antiperiodic) case one finds
Assuming t > 0 the integral over λ in (2.20) is convergent, i.e. the relevant real part of
is proportional to a finite polynomial in t, i.e.
where ν j are numerical constants depending on α, dimension d and spin of the field. The integral over t in (2.19) is then power-divergent at t = 0 for n = 0 term in (2.21) or (2.22). Subtracting these power divergences as a proper-time regularization prescription corresponds to omitting the n = 0 term in the sum. As a result, we are left with a finite sum over n ≥ 1 expressing F q as a finite polynomial in q −1 with coefficients proportional to the Riemann zeta-function values. 19 To summarize, the computation of the free energy F q will contain the following sequence of steps: (i) integration over the eigenvalue λ; (ii) integration over the proper time t with t → 0 power divergences subtracted; (iii) performing the remaining finite sum over n = 0. We shall illustrate this procedure in detail on several examples below. Having found F q one can then compute the Rényi entropy in (2.4) and C T in (2.8).
Scalar fields
To illustrate the relation (1.18),(2.8) in this section we will use it compute C T for free higher-derivative conformal scalar theories in even dimension d, reproducing the results obtained previously by other methods in a novel way. 18 In general,
. 19 In the antiperiodic case one has
∂ 2 scalar
The standard action for the conformally coupled scalar is
The corresponding free energy on
The spectrum of the operator ∆ 0 (i.e. the s = 0 case of (2.16)) is n 2 q 2 + λ where n ∈ Z and λ ≥ 0. The spectral measure is given by the s = 0 case of (2.17), in particular, in d = 4 and d = 6,
In d = 4 we get from (2.20)
Then using (2.21),(1.20) we find
where we omitted the n = 0 mode which corresponds to subtracting the Λ 4 UV divergence (t = ε = Λ −2 → 0). The resulting Rényi entropy and the Weyl anomaly coefficients have indeed the standard values (see (2.9))
where we again dropped the n = 0 term in the sum corresponding to subtracting the Λ 6 and Λ 4 UV divergences. The above values for C T,d are in agreement with the general expression in (1.13).
∂ 4 scalar
The Weyl-invariant action for the 4-derivative scalar in curved 4d space is given by [52] 
11)
We did not write explicitly the D 2 R term as we will be interested in the homogeneous
where we introduced the curvature sign factor which is +1 for
) is found to factorize in either of the following two d-independent ways
where
is the conformal scalar Laplacian as in (3. 
This is thus the special case of (2.18) with α k = ±1 so that the corresponding free energy can be computed as in (2.19)-(2.23). Explicitly, we find that in this case K H d−1 (t) is given by (2.23) with α = 1 so that for d = 4 (cf. (3.5),(3.6)) These values of the Weyl anomaly coefficients a and c for the 4-derivative scalar agree with the result of the direct computation in [52, 54] . The value of a in (3.21) agrees with the one found in [13] (see Table 1 there).
The above values of C T in (3.18) and (3.21) are in agreement with the general expression for the 4-derivative conformal scalar in dimension d found in [55, 30] 
.
(3.22)
∂ 6 scalar
The general expression for the Weyl-covariant 6-derivative scalar operator in curved background can be found, e.g., in [56] . Ignoring terms with derivatives of the curvature and specifying to d = 6 it can be written as 23) where the Schouten tensor P µν and its trace P are in general defined as
Using the properties (3.12) of the curvature of S 1 × H 5 we find
Like the 4-derivative scalar operator (3.13),(3.14) (where = 1 for H d−1 ) ) this operator may be factorized in the two possible ways 27) so that the corresponding eigenvalues are given by (2.18) with
We thus get a combination of the standard 2-derivative scalar and a conjugate pair of operators with the shift parameter α = 2. The heat kernel for the latter is given by (2.23) and as a result we find in The value of a-coefficient agrees with the one following from the partition function of 6-order GJMS operator on S 6 [57] while the value of C T,6 agrees with the d = 6 case of the general expression for ∂ 6 conformal scalar in [30] C T,d (ϕ (6) 
(3.31)
-13 -
Conformal vector fields
Conformal generalization of the Maxwell theory to general dimension d has a higher derivative Lagrangian
2 F µν . In particular, in 6 dimensions this gives a 4-derivative non-unitary vector gauge theory that we shall consider below. The computation of C T for 2-derivative non gauge invariant conformal vector theory in generic d (reducing to Maxwell theory for d = 4) will be discussed in Appendix B.
∂ 2 gauge vector in
It useful to start with recalling the computation of free energy of the Maxwell theory on S 1 q × H 3 . The closely related case of S 1 q × S 3 background was discussed, e.g., in section 2.2 of [48] . Starting with I = − 
where ∆ 1 is the d = 4, s = 1 case of the operator in (2.16) with the eigenvalue λ. The corresponding spectral density is the s = 1 case of (2.17), i.e. in d = 4 and d = 6 it reads
As a result, the H 3 part of heat kernel in (2.19) is (cf. (3.4))
and thus integrating over t, dropping quartic and quadratic divergences and summing over n as in (3.5) we get As mentioned in section 2, this matching need not be expected to follow automatically when free energy is computed on S 1 q × H 3 but one can formally enforce the relation between the S 1 and the Weyl anomaly a-coefficient by shifting F q and thus S q by a constant as in (2.5):
Defined on a curved background, the 6d conformal vector gauge theory has the following Weyl-invariant action [13] 
To compute the corresponding free energy on S 1 q × H d−1 it is convenient to choose again the temporal gauge V 0 = 0. This leads to the ghost factor (det ∂ 2 0 ) 1/2 in the partition function. Using (3.12) the Lagrangian in (4.7) then becomes (here i, j, ... = 1, ..., 5 are indices of H 5 ) 
10)
where ∆ 1 is the d = 6 case of the operator defined in (2.16). Integrating over ϕ we get a factor det(∂ 2 0 D 2 ) −1/2 (which cancels against the the previously mentioned ghost and Jacobian factors) as well as the contribution of the conformal 6d scalar det(−∂ 2 0
The remaining 4-derivative operator acting on V ⊥ i in (4.10) factorizes exactly as in the 4-derivative scalar case (3.13) (with
As in (3.13), the same factorization as in (4.12),(4.13) is found if one considers the theory (4.7) on S 1 × S 5 . 20 Using that ∆ 1 in (2.16) has the eigenvalue λ, the polynomial P H in (2.18) is again given by (3.15). The only difference compared to the 4-derivative 6d scalar case is that now the spectral measure is given by the s = 1 case of (2.17), i.e. by dµ 1,5 in (4.2). As a result, the free energy F q and thus the Rényi entropy and C T for the 4-derivative vector theory (4.7) is given by the sum of the contribution of the transverse spatial vector (with the kinetic operator O (4) 1 ) and of the standard 6d conformal scalar, i.e.
(4.14) 20 Due to the change of the sign of the curvature of the spatial part, here ∆ 1 = −D 2 + 4 that has discrete eigenvalues on the sphere, i.e. ∆ 1 → m 2 + 6m + 8 with integer m ≥ 0. The 4∂ 2 0 term in (4.12) here has flippped sign (as it came from the curvature term in (4.7)) and thus we find that on S 1 × S 5
This leads to the thermal free energy corresponding to the spectrum of dimensions w m = m + 2, m + 4 expected from the operator counting on R × S 5 (as explicitly discussed in [48] in the 4d case).
The scalar contribution was already given in (3.7)-(3.9). The total H 5 heat kernel factor in the resulting free energy is then (cf. (3.28)) 15) and thus finally The value of C T,6 is the same (1.14) as quoted in the Introduction, found earlier by other methods in [56, 31] . To also reproduce the correct value a = 275 8×7! [13] of the a-anomaly for the 4-derivative 6d vector field one needs, as in the d = 4 vector case (4.6), to shift F q and thus S q by the constant term − 14 45 .
Fermionic fields
Finally, let us discuss the fermionic fields. We shall first review the computation of free energy and C T for the standard Dirac fermion and then consider the conformal 3-derivative fermion which is part of the 6d superconformal vector multiplet (1.8).
/ ∂ fermion
The curved space Weyl-invariant action for a standard massless fermion 
Here n f is the complex dimension of the spinor space (e.g., n f = 2 for a Weyl fermion in d = 4 or MW fermion in d = 6) and the sum over half-integer n corresponds to the antiperiodic boundary conditions on the "thermal" circle S 1 . λ is the eigenvalue of the 2.16) ). The corresponding spin 1/2 Plancherel measure for even d is [58, 59] 
Using the proper time representation for the log in (5.2) we get as in (2.19),(2.22)
The power UV divergences in the proper time integral should be again subtracted by omitting the n = 0 term in the sum. Explicitly, one finds in d = 4 9) and in d = 6 
Conformal / ∂ 3 fermion
The Weyl-invariant operator for a 3-derivative fermion was first found in the context of extended conformal supergravity [61] in d = 4 [52] (for Majorana fermions)
In d = 6 the analogous 3-derivative operator was recently found in [15] 21
The generalization of (5.13),(5.14) to any d reads 
As a result, its square factorizes in a d-independent manner just like in the 4-derivative scalar case in (3.13) (cf. also (4.12)) 22 (iO (3) 
2 21 We thank D. Butter for pointing this out to us and a clarifying discussion. 22 The factorization of the operator (5.13) on S 1 × S 3 was observed in [51] .
The corresponding eigenvalue polynomial (2.18) is then the product of the standard fermion part and the same factor as in the ∂ 4 scalar case in (3.15) (and also has a similar structure as the result in the 4-derivative vector case in (4.13)). Using the expression for the spin 1/2 spectral measure in (5.4) and starting with (5.5) we then find in d = 4 (cf. (3.16)-(3.18) ) for a Majorana fermion (n f = 2) agree with the ones found by direct computation in [52, 54] . 23 In 6 dimensions we get (cf. (3.19)-(3.21)) and (5.10)-(5.12)) 
Thus for a 6d MW fermion with n f = 2 we get a = 39 32×7! in agreement with the value found in [13] while C T,6 (ψ (3) ) = − This confirms the value corresponding to ξ YZ in (1.17).
To emphasize that (5.25) is a result of a rather non-trivial computation, in Appendix A we shall present an alternative way of arriving at (5.25) based on the approach that does not use the proper time representation and utilizes the first way (5.17) of factorizing the square of the 3-derivative spinor operator (5.16) . Surprisingly, a naive application of this alternative approach leads precisely to the value of C T,6 in (1.16) corresponding to ξ BT in (1.6).
It is possible to generalize the d = 4 (5.21) and d = 6 (5.24) expressions for C T of the 3-derivative conformal fermion to any dimension d obtaining the following counterpart of the general d expressions for C T of the standard scalar and spinor (1.13), 4-derivative scalar (3.22) and 6-derivative scalar (3.31)
It would be interesting to reproduce (5.26) in alternative flat-space approaches like the ones used in the higher-derivative scalar cases in [55] and [30] . 23 In the notation of Table 6 .1 in [54] one has for the 3-derivative Λ-spinor: β 1 = in agreement with values given earlier in (3.18) (note that the ∂ 4 scalar ϕ in Table 6 .1 is complex).
Conformal anomaly of 6d higher derivative vector multiplet from Seeley -DeWitt coefficient
Let us now rederive the above results for the c 3 coefficient in (1.1) for the fields of the vector multiplet (1.8) by the same direct method as used in [3] to compute the conformal anomalies of the standard fields in the (2,0) tensor multiplet -using the general expression [62] for the b 6 = T µ µ Seeley-DeWitt coefficient of the 2nd order Laplace-type operator
The two key observations that allow one to do this are: 24 (i) like the higher derivative conformal scalar operators [63] , the 4-derivative vector operator in (4.7) and the square of the 3-derivative spinor operator in (5.14) factorize into a product of 2nd order Laplacians on an Einstein space R µν = 1 6 Rg µν and thus their anomalies can be readily computed; (ii) considering a general Einstein background is sufficient to determine all the 4 anomaly coefficients a, c i in (1.1) . The special cases were already considered before -the 6-sphere (allowing to find the a-coefficient [13] ) and the Ricci-flat space (allowing to fix the c i up to one free parameter [8] ). On a general Einstein background one may have both the scalar curvature and the Weyl tensor non-zero so that one may capture the RC µνλρ C µνλρ terms in the expression for b 6 and thus determine one more combination of the Weyl anomaly coefficients.
As a result, in addition to the anomaly coefficients for the conformally coupled 2-derivative 6d scalar (∆ = −D 2 + The values of a-coefficient were found already in the special case of S 6 background in [13] . The (1,0) supersymmetry constraint c 1 − 2c 2 + 6c 3 = 0 in (1.2) and the relation c 1 + 4c 2 = 62 45 were obtained by considering the Ricci-flat background in [8] . The coefficients c 3 in (6.2) and (6.3) (or C T,6 = 3024c 3 in (1.11)) are the same as the ones found above in (4.17) and (5.24) from the computation of free energy on S 1 × H 5 . The values of c i in (6.4) thus agree with (1.10) for the value of ξ = − 8 9 found in [28] providing another independent confirmation of (1.7).
In Appendix C we shall present the extension of the computation presented in this section to more general (1, 0) superconformal multiplets with maximal spin 1 with the results that are again in agreement with (1.5) with (1.7).
Below we shall follow the notation in [3] and use that for an Einstein background one has D µ R = 0 and D µ C µνλρ = 0 so that many terms in the general expression in b 6 simplify. The E 6 and I 1,2,3 invariants in (1.1) defined in [3] take the form 26
5)
Given a general scalar Laplacian 
Expressing this in terms of the invariants in (1.1) using (6.5) and ignoring the total derivative terms we find that in the special case of the conformally coupled scalar when κ = 1 4 d(d − 2) = 6 we reproduce the coefficients in (6.1). The 4-derivative vector operator in (4.7) restricted to an Einstein background factorizes in the same way as in the sphere case discussed in [13] : the action depends only on the transverse part V ⊥ µ of the vector and reduces to the integral of V ⊥ ∆ 1⊥ (7) ∆ 1⊥ (5)V ⊥ . The resulting partition function is then given by 8) where like in (6.6) we defined
. 27 To find the b 6 coefficient for the vector Laplacian ∆ 1 (κ) from the general expressions in [62, 3] one is to 26 The only non zero total derivative terms among C 1,...,7 in [3] here are
27 If V µ = V ⊥ µ + ∂ µ ϕ, then on an Einstein background one has (dropping total derivatives)
note that here the covariant derivative contains the extra vector connection part with the "internal" curvature (F ij ) 
This generalizes the expression found in [3] in the special case of the standard vector Laplacian (corresponding to κ = 5). Eqs. (6.7) and (6.9) are all we need to compute the anomalies of the 4-derivative conformal vector since according to (6.8)
As a result, one finds the coefficients given in (6.2). The 3-derivative conformal spinor operator (5.14) restricted to an Einstein background becomes
R / D so that its square factorizes as A Alternative computational scheme for free energy and C T of 3-derivative conformal spinor field
Let us start with the standard fermion case and compute the corresponding free energy without using the proper time representation for the log factor in (5.2) and doing the sum over n first and the integral over λ last. The sum over n requires a regularization prescription and we shall adopt the same one as used, e.g., in [38] 29
It is important to stress that because of the regularization involved this relation directly applies for γ < 1 (and q 2 m 2 > −1 if γ = 0); the expressions found using (A.1) with parameters outside that range should be defined by an analytic continuation. The case of half-integer summation in (5.2) corresponds to the legitimate values γ = 1 2 , m 2 = λ ≥ 0. As a result, we get
The integral over λ is divergent at large λ; omitting the power divergent part proportional to q one reproduces the same d = 4 and d = 6 expressions as in (5.8) and (5.11). The second q-derivative of F q is always finite and using (2.8), we then reproduce from (A.2) the standard result for C T,d (ψ) = 1 2 n f d given in (1.13). In the case of the 3-derivative spinor we may use the factorized expression (5.17) for the square of its kinetic operator leading to the following expression for the free energy that generalizes (5.2)
Computing the sum in K(λ, q) using the prescription (A.1) (with γ equal to
2 ) we find the following analog of (A.2) 29 This relation may be justified, e.g., by first taking the derivative over m, then doing the convergent sum
, and finally integrating back over m (assuming also that ∑ ∞ n=−∞ c = 0). Note that the choice of integration constants or regularization involved may break the formal invariance under the integer shifts of γ.
Taking the second derivative of (A.5) over q at q = 1 and computing the resulting finite integral over λ we find, according to (2.8), the following expression for the C T coefficient for the 3-derivative conformal fermion in d dimensions (with n f = 2 in d = 4 and d = 6)
, i.e. C T,4 (ψ (3) ) = − found by direct computation in [52, 54] . This suggests some problem with the above computation. Indeed, while the representation (A.2) for the free energy of the standard fermion is true for any q, the expression (A.5) that was obtained using (A.1) with γ = q ± 1 2 is formally valid only for 0 ≤ |q| < 
B 2-derivative non-gauge conformal vector
Here we shall follow [64, 56] and consider a non-unitary theory described by 2-derivative vector field with conformal but not gauge-invariant action for d = 4. 31 The corresponding Weyl-invariant curved space action is 30 Note that for k → ∞ the expressions in (A.7) become 3 times the standard fermion values in (5.9) and (5.12). The reason for this is that in this limit the ±q → ± q k shifts of n in (A.4) disappear and we get the 3rd power of the standard fermion expression under the log. 31 Partition function of a similar 2-derivative spin 2 theory was discussed in [57] .
It is equivalent to the standard Maxwell action for d = 4. The corresponding C T coefficient found in [56] is
Specifying to the case of the S 1 × H d−1 background and separating V 0 and V i = V ⊥ i + ∂ i ϕ components as in (4.9) we find that the corresponding partition function has two contributions: one from V ⊥ i and one corresponding to the ∂ 4 conformal scalar in d = 4. The scalar part is absent in d = 4 due to gauge invariance that is then present in (B.1) (cf. section 4.1 and [48] ).
From (B.1) we get the following mixed Lagrangian for χ ≡ V 0 , ϕ and The determinant of the D 2 factor cancels against the Jacobian of the change of variables V i → V ⊥ i + ∂ i ϕ, while the remaining 4-order scalar operator is equivalent to the conformal ∂ 4 one which factorizes as in (3.13) with the eigenvalues given in (3.15) .
As a result, we find that This provides an alternative derivation of (B.2). 32 Here we use (A.1) with γ = 0 so the result is equivalent to the one in the heat kernel approach used in the main text.
C Conformal anomalies of general higher derivative short superconformal 6d vector multiplets
The calculation of the full 6d conformal anomaly of the V (1,0) multiplet from the SeeleyDeWitt coefficients on an Einstein background presented in section 6 may be generalized to other (1,0) superconformal vector multiplets. V (1,0) ≡ V (1, 0) p=2 is the lowest member of a family of multiplets V (1,0) p (p = 2, 3, 4, . . . ) that contain scalars, spinors and vectors with p-dependent higher-derivative kinetic terms.
In terms of OSp(2, 6|2) representations [65] [66] [67] the hypermultiplet S (1,0) is a doubleton ultra-short representation [68] . New (possibly massive) conformal representations are obtained by tensoring p copies of S (1,0) . The resulting multiplets V (1,0) p are short with the maximal spin equal to 1. The structure of these multiplets [69] is shown in Table 1 .
field SO(6) SU (2) of OSp(2, 6|2) that appear in tensor product of p copies of (1, 0) doubleton (hypermultiplet) representation.
Here ∆ is the scaling dimension of the conformal group SO(2, 6) related to the canonical dimension of the corresponding 6d field Φ by dim Φ = 6 − ∆. We indicated also the SU(2) R-symmetry representations. ψ ± are positive/negative chirality MW spinors while ϕ and ϕ are scalars. The vector V µ has conformal but not gauge invariant action for p > 2. From the canonical dimensions one can determine the number of derivatives in kinetic terms in the corresponding 6d Lagrangian that has the following schematic form
where fields transform under SU(2) R according to Table 1 . The higher derivative operators in (C.1) should have a covariant and Weyl-invariant generalization to curved background. Remarkably, just as for the p = 2 case discussed in section 6 all these operators for conformal fields in Table 1 factorize on an Einstein space background. Let us denote by Φ (n) a field with n derivatives in the kinetic term. For higher derivative conformal scalar ϕ (2n) operators (GJMS operators) the factorization on an Einstein space reads [63] Remarkably, these expressions continue to hold also for p = 2 where (C.4) should be replaced by (6.8) . 34 
